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Actual spacecraft data have been used to test two filters that rely solely on magnetometer measurements to
determine spacecraft ephemeris. This work proves the potential of a novel autonomous orbit determination
scheme. One of the filters is an extended Kalman-type filter. It estimates a position and velocity, and it uses
equations of motion to propagate these estimates. The other filter is a batch least-squares filter. It estimates
static Keplerian parameters along with magnetometer biases. Tests of these filters involve filtering of magne-
tometer data followed by comparison of estimated position with position derived from ground-based tracking.
Both filters perform well on the MAGSAT spacecraft, achieving accuracies from 4 to 8 km. Tests of the batch
filter on the DE-2 spacecraft yield somewhat larger position uncertainties, 17-18 km. Batch filter tests on the
LACE spacecraft yield much larger position errors, 120 km. This poor LACE performance can be attributed

partly to solar-array-generated low-frequency noise.

1. Introduction

HE objective of this work has been to use real flight data

to evaluate a magnetometer-based autonomous space-
craft navigation scheme. This system could be used in low-
Earth-orbit applications where system requirements allow low
accuracy but demand complete autonomy. The low expense of
the system is an attractive feature: it requires only a three-axis
magnetometer and computation time on the flight computer.
The system works independently of attitude control or attitude
knowledge, which makes it attractive as a backup for use
during operational anomalies.

Orbit determination is a mature field. Ground-based ap-
proaches make use of ranging data and can be very accurate.
Efforts have also been made to develop autonomous orbit
determination capability. A survey of autonomous navigation
up through 1986 is provided in Ref. 1. Some proposed systems
use observations of celestial bodies or observations of land-
marks on the Earth. The satellite crosslinks method combines
such measurements with measurements of range to other satel-
lites whose orbits are to be determined simultaneously. Tai
and Noerdlinger? describe a system that relies on sensing the
Earth, the moon, and the sun; predicted accuracy is better
than 1 km. The Global Positioning System (GPS) can be used
for semi-autonomous navigation. With an onboard GPS re-
ceiver and a computer, a satellite can determine its position
and orbit. This is not truly autonomous, however, because it
relies on the availability of GPS signals.

Psiaki and Martel® introduced the idea of using the Earth’s
magnetic field to derive spacecraft position information. They
showed that, even if the Earth’s field were that of a dipole,
five of the six Keplerian elements would be observable in one
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orbit from magnetic field magnitude measurements alone. The
unobservable element would be the longitude of the ascending
node. They also developed an extended Kalman filter and
tested it on one day’s worth of data from a simulated truth
model that used an eighth-order International Geomagnetic
Reference Field (IGRF) model. The result was complete ob-
servability and a predicted 1-¢ position accuracy of 4 km. The
longitude of the ascending node is observable because the
main field’s dipole axis is canted with respect to the North
Pole, which causes it to rotate with respect to inertial space
once per day. Additional observability of longitude is pro-
vided by the significant longitudinal variations of the main
field’s higher harmonics. Fox et al.* extended this work to
include simulated magnetometer noise in their truth model
and to explore a range of orbital inclinations (0-98 deg) and
altitudes (350-900 km). They achieved positional accuracies
from 10 down to 2 km. Their accuracy depended strongly on
the accuracy of the magnetometer and moderately on the
orbital characteristics.

The present work tests the magnetometer-based orbit deter-
mination filter of Refs. 3 and 4 with real flight data. It filters
telemetered magnetometer data to estimate the positions of
three spacecraft. These position estimates are compared with
position information that has been derived from tracking sta-
tion data. The result is a very realistic test of the magnetome-
ter-based orbit determination scheme.

Additionally, the present work reports on a new magne-
tometer-based orbit determination filter. It is a batch least-
squares filter. It also works only with magnetometer readings.
In addition to estimating orbit and position, it estimates mag-
netometer biases. It has been developed to cope with the
poorer quality of the magnetometer data that are available for
two of the test spacecraft.

The body of this paper is divided into six sections. Section
II describes the two different orbit determination filters, the
extended Kalman filter and the batch least-squares filter. Sec-
tion III describes the three spacecraft (MAGSAT, DE-2, and
LACE) whose telemetry and position information have been
used to test the filters. Section IV explains the methods used
for evaluating the filters. Sections V, VI, and VII present the
MAGSAT, DE-2, and LACE performance results, respec-
tively. The paper concludes with a summary of the major
findings of the study.



PSIAKI, HUANG, AND FOX: AUTONOMOUS NAVIGATION 207

II. Filter Designs

A. Extended Kalman Filter

An extended Kalman filter has been implemented. The
square root information filter (SRIF) form of the state/covari-
ance representation has been used for this filter. It works with
a state vector that defines position, velocity, and random-walk
disturbance forces. Newton’s laws and a gravitational model
with J, effects are used to propagate the state information
equation between measurements. A 10th-order spherical har-
monic model of the Earth’s magnetic field is used during
measurement updates of the state information equation. The
filter’s model of random disturbance statistics has been sized
based on typical ballistic coefficients and the variability of the
Earth’s atmospheric density. Its model of random measure-
ment error statistics has been sized based on typical field
model accuracy.

Filter Dynamic Model
The filter’s state vector is
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where V is inertial speed, v is flight-path angle (the angle
between the inertial velocity and its projection into the local
horizontal plane), £ is heading angle (the angle between local
north and the projection of the inertial velocity vector into the
local horizontal plane, measured positive for westward head-
ing), r is radial distance from Earth’s center, 6 is colatitude, ¢
is east longitude, and SC; /m, SCp/m, SCy/m are partially
nondimensionalized mean aerodynamic lift, drag, and side
forces, respectively. The last three quantities are inverse ballis-
tic coefficients; S is surface area, m is spacecraft mass, and
C,, Cp, and Cy are nondimensional lift, drag, and side force,
respectively.
The filter’s dynamic equations are
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where the function p(r — Ry) is the standard atmospheric den-
sity as a function of altitude,® R is the mean Earth radius, u
is the geocentric gravitational constant, J, is a constant of théS
Earth’s gravitational field, wg is the Earth’s rotation rate, and
wi-we are the elements of the modeled random disturbance
effects. These random disturbances are modeled as Gaussian
white noise. The quantities x7, x5, and x, correspond to SC,/
m, SCp/m, and SCy/m, respectively. All angles are in radi-
ans, and all other units are in the mks system. These equations
are in the general form

x=f(x,w) 3)

where the elements of the nonlinear vector function flx,w)
are defined by the right-hand sides of Egs. (2).

Filter Measurement Model

The magnitude of the Earth’s magnetic field vector at the
spacecraft is the measured quantity that provides corrections
to the state vector. This quantity gets computed in two ways,
one based on the actual magnetometer measurements and the
other based on an a priori state estimate. The magnitude based
on measurements is

y =<BI + B} + B @

where B,, By, and B, are the readings on the three axes of the
onboard magnetometer. The magnitude based on the state
estimate is

h(x)=~BX(r, 0, ¢) + B}, 0, $) + BXr, 0, ¢) 6

where the functions B, (r, 0, ¢), By(r, 8, ¢), and By(r, 8, ¢) are
the zenith, south, and east components of the Earth’s mag-
netic field vector at location (r, 8, ¢). These functions are
defined by a spherical harmonic expansion whose coefficients
are based on curve fitting of Earth-based and satellite-based
magnetic observatory data.® The coefficients that have been
used are those of the 10th-order IGRF 1980 and 1985 models
with propagation of secular effects out to the eighth-order
terms. These models can be found in Ref. 6, pp. 348 and 349.

The derivative of A (x) with respect to x is needed to do ex-
tended Kalman filtering. This creates the need to take deriva-
tives of the functions B,(r, 8, ¢), By(r, 8, ¢), and B,(r, 9, ¢)
with respect to r, 8, and ¢. These derivatives are determined
analytically in the filters reported in this paper. The details of
the necessary differentiations are too numerous to report here,
but two important points, which make the derivative compu-
tations more efficient, will be discussed.

The field vector, (B,, By, By)7, is the gradient of a scalar
potential function. Therefore, the following three relation-
ships hold among their first derivatives:

3B, 3By :
5= B (62)
0B, 0B .
e <ra—r‘” + B¢> sin 6 (6b)
B 3B
szsinea—(;+cosﬁB¢ (6)

These three relationships follow directly from the symmetry of
the scalar potential function’s second derivative matrix. These
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relations can be used to reduce the required number of first
derivative calculations from nine to six.

Evaluation of the B,, By, and B, functions can be done ef-
ficiently via a recursive algorithm that computes the necessary
Legendre functions.® Efficient derivative calculation can be
achieved via differentiation of the entire recursive algorithm.
Also, differentiation of the factors that depend on ¢ yields
other factors that are already part of the computation.

Square Root Information Filter Implementation

The SRIF is a special form of the Kalman filter that calcu-
lates and stores the state estimate and covariance in a numeri-
cally stable way. This section extends the SRIF to work with
nonlinear plant dynamics and measurement equations. The
SRIF for linear systems is well documented in Bierman,” and
the following discussion of the nonlinear SRIF assumes that
the reader is familiar with Ref. 7. Instead of a state estimate
and a state covariance matrix, the SRIF operates on a state
information equation:

kak =Zx + ¥x (7)

This equation implicitly determines the state vector x; in terms
of the known matrix R;, the known vector z;, and the uncer-
tain vector »,. The latter vector is a Gaussian, zero-mean, unit
variance, uncorrelated random vector: E[v,] = 0 and E[v, va]
= I8 ;. The state estimate is &, = E[xc] = R, 'z, and the
covariance is E[(x; — %)k — %)7] = Ry 'R 7. These for-
mulas can be derived by solving Eq. (7) for x; in terms of Ry,
Zx, and », and taking the required expectations.

Propagation of the state information equation from time ¢,
to time ¢, ; is performed using the nonlinear filter equations
of motion. [The following procedure is an adaptation of the
extended Kalman filter (EKF) technique to the SRIF data
structure.] Suppose X, is the a posteriori state estimate at
sample time #,. Also, suppose that the statistics of w,, a
discrete-time white noise disturbance vector, are defined by an
information equation:

kawk = 2w Vwy ®

where »,, is a random vector with statistics similar to »; (Gaus-
sian, zero-mean, unit variance, uncorrelated for different k).
The matrix R,, and the vector z,, effectively store the mean
and the covariance of w,:W, = E[w;] = R,; '2,,, and E[(w; — W)
(wy —W)"1=R, 'R, 7. One can propagate the dynamic
model as in an extended Kalman filter: solve the following
initial value problem for x(¢).

x = f(x, W) (%2)
subject to
x(4) = X (9b)

Given this solution, one can then derive a linearized state
difference equation:

Xep1—x(8,, ) = Pl — k] + Tilwy — W] (10)

where the state transition matrix &, and the disturbance effec-
tiveness matrix I'; are computed using linearizations of Eqgs.
(9) about x(¢) and W, . Solution of Eq. (10) for x, and substitu-
tion of the result into Eq. (7), the information equation at
sample k, yields an equation in the unknowns w; and x; , ;:

[—R.®; Ty lwi + [Re®p x4
= (o= R {3y + & T — x4 DI)) + v (1

Bierman’ gives the details of how to combine Eqs. (8) and (11)
via left orthogonal/upper triangle (QR) factorization to elimi-

nate w, and get an a priori state information equation at
sample instant ¢, , ; of the form:

Ry iXiii=20,0 0+ vy (12)

which completes the propagation of the information equation.

For long intervals between measurement updates, multiple
iterations of Eqs. (7-12) must be used to propagate the state
information equation. Each iteration propagates the equation
over a portion of the interval, and Eq. (12) at the end of a
given subinterval serves the function of Eq. (7) at the begin-
ning of the next subinterval. This subdivision of long intervals
is necessary to adequately approximate the continuous-time
white-noise disturbance process in Eqgs. (2) and (3) by the
discrete-time white noise sequence wy, Wy 41, ....

Extension of the SRIF measurement update to the nonlinear
problem begins by adding a measurement noise, n, . ; (E [y 4 1]
=0, E[ng,1n]=0%.1,;), to the nonlinear measurement
model to explain any difference between the sensed value of a
quantity, Eq. (4), and the corresponding estimated value, Eq.
5):

Yies1= @) + 1 (13)

The SRIF needs to work with a linear approximation of this
equation that has been transformed into the standard measure-
ment information equation form of Ref. 7:

Amk+1xk+l:z’”k+l+vmk+l (14)

where A, ,, is called the measurement information matrix,
Zm, ,, is called the measurement information vector, and the
Vector vy, ,  is a Gaussian, zero-mean, unit variance, uncorre-
lated random vector. Equation (13) can be put into the form
of Eq. (14). First, linearize it about x(#; ), the a priori state
estimate at time #; , ;. After rearrangement of terms and mul-
tiplication by 1/, , 1, the linearized equation becomes

L o < : { A Xt + )]
_ Xpe1=|—— —hlx
Ok +1 0% [ X(¢ 4 1) et Ok + 1 i et
oh
+ | = t + v 15
[ax X(fk+1)]X(k+l)}> Py 14 ( )
where v, | = — Ny 1/0; 4 1. The matrix A, | and the vector

Zm, ,, i Eq. (14) correspond to the two expressions in large
brackets or parentheses in Eq. (15). Bierman’ describes how to
compute the SRIF measurement update by combining Eqgs.
(12) and (14) via left QR factorization to yield an a posteriori
information equation at sample k£ + 1 of the form:

Ry X1 =Zko1+ visn (16)

This last operation is closely related to a least-squares solution
of an overdetermined system of equations. As stated earlier,
this measurement information equation implicitly defines the
a posteriori state estimate and covariance.

Statistical Modeling of Noise and Disturbances

The statistical model of the measurement noise is the model
of the random scalars g, 7y, 1, x4 2, .... They have been
modeled as a zero mean, uncorrelated Gaussian sequence
of numbers with an altitude dependent variance, o,,, =
o +1(rx +1). The dependence of variance on radial distance
from the center of the Earth is taken from Ref. 5 (p. 118).
Essentially, this noise model assumes that the main error
contribution is from uncertainty in the IGRF model of the
Earth’s magnetic field. This uncertainty decays with increas-
ing altitude. For low-Earth orbits, the magnitude of the field
model uncertainty is large enough to make this statistical
model acceptable even when random magnetometer error con-
tributions are appreciable.
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If magnetometer biases are present, then this model breaks
down, but the way to deal with biases is to estimate them
rather than to amend the measurement noise model. This is
done for the batch filter.

The plant disturbance model gives the statistics of the wy
vectors. Equation (8) constitutes this model. The principal
disturbances to low-Earth orbits are aerodynamic. The distur-
bances w;-w; are partially nondimensionalized aerodynamic
disturbance forces. They have the units of inverse ballistic
coefficients, m?/kg. The disturbances w,-wg are rates of
change of random-walk aerodynamic disturbance forces. All
of these quantities are assumed to have zero mean (the
nonzero steady drag force will be estimated by xg). Therefore,
Zy, = 0. Because of their partial nondimensionalizations, the
variances of the disturbances w;-w; can be sized based on
typical fractional variations of the atmospheric density di-
vided by a typical ballistic coefficient. These variances have
been chosen to be 2.5 x 1073 m?/kg. The ws—wg variances
have been set at (0.04 m?/kg)/ T, where T is the estimated or-
bital period. For low-Earth orbit, these variances are about 7
x 1076 m?/(kg-s). The offdiagonal elements of R,, have each
been set to zero, and the diagonal elements have each been set
to the inverse of the variance of the corresponding w element.

B. Batch Least-Squares Filter
Estimation Parameter Vector

A batch filter has been used to estimate the spacecraft orbit
in terms of Keplerian-type elements. Additionally, magne-
tometer biases have been included in the estimation vector.
This static vector of parameters has 10 elements:

p = [Mo, My, My, e, wo, No, i, by, by, b;]7 17
y

where the first seven elements define the estimated orbit and
the last three elements are magnetometer biases in the space-
craft coordinate system.

The orbit parameters consist of six typical Keplerian ele-
ments plus an ad hoc decay coefficient that has been used by
the Naval Research Laboratory.® The orbit parameters’ defini-
tions are

M, = mean anomaly at epoch, rad

M, = mean motion, rad/s

M, = decay coefficient, rad/s?

e = eccentricity

wo = argument of perigee at epoch, rad

M = longitude of the ascending node at epoch, rad

i = inclination, rad

Position Calculation

The first seven parameters of the p vector, along with the
time since epoch, Af (s), serve to define the spacecraft posi-
tion. The following calculations account for mean J, effects
and orbit decay. The mean J, corrections reported here are
correct to first order in J, and can be derived from equations
appearing in Ref. 9. The position determination begins with
the calculation of the mean semimajor axis a:

ay = [806.81359 My~ (18)
0.75J,(3cos®i — )| =%
ay = GM,:I + a (1 — e2)2 19)
o 0.75J,(3 cos®i — 1) 20)
a=4a a, (1 — e2)2

The quantities a,, and gy are intermediate results. The quanti-
ties aps, @y, and & are in units of Earth radii. The uncorrected
mean semimajor axis g is used in calculations of the mean
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Jo-induced precession rates of the perigee and the line of
nodes:

. 0.75.,(5 cos?i — 1)
w =

21

ai(l — e?)? @n
—1.5J5cosi

Q) = —_ 22

ad(l — e?)? 22)

where both precession rates are in units of radians per radian
of mean motion. The rate of decay of the mean semimajor
axis is modeled as

a= —(4/3)a(M>/M,) (23)

The next steps in the position calculation propagate various
quantities to the time past epoch Az. They are the mean
anomaly, the argument of perigee, the longitude of the as-
cending node, and the semimajor axis:

M = My + MAt + MyAr? (24a)
w = wo + &' [MA? + MyAF?] (24b)
N =No+ Q' [MiAL + MyAL?) (240)

a =a+aAt (244d)

To get the true anomaly v, the eccentric anomaly E is first
determined via a Newton-Raphson numerical solution of Kep-
ler’s equation:

M —E +esin(E)=0 (25)
The true anomaly can then be computed:

v1—-e?sin E
y=tan"!| ———— (26)
cos E —e
Finally, the ‘““mean’’ spacecraft position can be computed in
terms of radial distance from the Earth’s center, colatitude,
and east longitude:

r=Rga(l —ecosE) (27a)

# = cos~!{sin (w + v) sin /] (27b)

11 sin A cos(w + v) + cos A sin(w + v)cos i
¢ = tan” — | @279
cos A cos(w + v) — sin A sin{w + v)cos i

The batch filter also needs the derivatives of r, 8, and ¢ with
respect to the elements 'of p. Of course, the only nonzero
derivatives are those with respect to the first seven elements of
p. The filter uses analytic derivatives of these quantities,
which are calculated via differentiation of Eqs. (18-27).

Measurement Model

The measurement model is similar to that of the SRIF
extended Kalman filter. The modeled magnetic field magni-
tude at sample instant & is a function of time since epoch and
the first seven elements of p:

h(p,Ate) = (B2 Ir(p, AL), 0(p, Ate), o(p, Ate)]
+ BOZ[r(p, Atk)y O(P’ Atk)y d)(p’ Atk)]
+ BZIr(p, Aty), 0(p, Aty), ¢(p, At} (28)

This equation is similar to Eq. (5). The only difference is that
r, 6, and ¢ are explicitly estimated in the sequential filter
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associated with Eq. (5), whereas, in Eq. (28), the position is
inferred from the estimates of the seven orbit parameters.

The measured magnetic field gets altered before use in the
batch least-squares calculation. Instead of Eq. (4), the follow-
ing model is used:

J’k(P) = \F[Bxk - bx]2 + [Byk - by]2 + [sz - bz]2 (29)

where B, , B,,, and B, are the readings on the three axes of
the onboard magnetometer at sample k. Equation (29) re-
moves the estimated biases from the measured field vector
before computing the measured field magnitude. Therefore,
the ‘‘measurement’’ is a function of p.

Statistical Model and Least-Squares Cost Function

The least-squares cost function minimizes the mean square
error between the measured field magnitudes and the modeled
field magnitudes. The batch filter assumes that the difference
between these two quantities is due to a measurement error 7y :

ye(p)=h(p, At) + ny (30

for all samples £k =1, 2,...,N. It also assumes that the se-
quence n;, 1, N3, ...,Nyis random, Gaussian, zero mean, and
uncorrelated with a variance of o = 270 nT. The least-squares
cost function is then expressed as the negative of the likeli-
hood:

1 N
J(p)=55 Y De(p)—h(p, At 31
k=1

The reason for expressing the cost as a negative likelihood is to
facilitate statistical analysis of the quality of the answer. After
minimization of J, the covariance of the minimizing p vector
is approximately the inverse of the Hessian of this negative
likelihood function.

Minimization Algorithm

The Gauss-Newton method for least-squares problems has
been used by the batch filter. It is a gradient-based search
algorithm that takes advantage of the special least-squares
structure.!® It computes a search direction by linearizing Eq.
(30) about a guessed p and solving a least-squares problem for
the resulting overdetermined linear system. This is done using
left QR factorization. The resulting search direction is guaran-
teed to be a descent direction for the original nonlinear least-
squares cost function, Eq. (31). The search step length is
determined by a one-dimensional minimization subject to a
maximum step length constraint. If the optimal cost is near
zero, the Gauss-Newton method will have a near quadratic
rate of convergence. Search direction computation is quick; it
requires only first derivatives, all of which are computed ana-
Iytically.

1. Spacecraft Test Cases

A. MAGSAT Spacecraft

The mission of the Magnetic Field Satellite (MAGSAT)'!
was to do a global magnetic survey. It was launched in Octo-
ber 1979 into a near polar low-Earth orbit. Its orbital charac-
teristics on February 2, 1980, were 97-deg inclination, 0.0125
eccentricity, 330-km perigee height, and 500-km apogee height.

The spacecraft had two magnetometers: a scalar cesium
vapor magnetometer and a vector fluxgate magnetometer. The
scalar magnetometer was used by NASA to calibrate the vec-
tor magnetometer. Both were mounted on a 6-m boom to
reduce stray fields from the spacecraft to less than 1 nT. The
precision of the vector magnetometer was better than 1 nT and
its accuracy was better than 6 nT rms over a measurement
range of +64,000 nT.

Reference 11 describes MAGSAT data that are available on
computer tapes. This project used Investigator B quiet time

data from February 2, 1980. The quiet time data were taken
during times of low solar magnetic storm activity. The tape
data include geocentric radius, latitude, longitude, magnetic
field magnitude (vector magnetometer), and 5-s averages of
magnetic field magnitude (vector magnetometer), with each
piece of data available at 5-s intervals. The tape’s magnetic
field magnitude and averaged magnetic field magnitude both
have been used to estimate spacecraft position using the filters
of this paper. These estimates, in turn, have been compared
with the position data on the MAGSAT tape, which are accu-
rate to within 0.5 km.

The MAGSAT data represent a best case for the algorithms
of this paper for two reasons. First, the magnetic field mea-
surements were very accurate; the accuracy of the magnetome-
ter was very high, and it was located far away from sources of
spacecraft-generated fields. Second, the field model used by
the filters for this case, the 1980 IGRF model, is largely based
on MAGSAT data. Therefore, it is a reliable model for the
time period and location of the data being filtered.

The use of 1980 IGRF data to filter MAGSAT data is, in a
sense, circular reasoning. MAGSAT’s location had to be
known from tracking data to generate the field model. The
field model, in turn, has to be known to filter for position.
Nevertheless, this test case can demonstrate three key points:
the mathematical observability of orbits from magnetometer
data alone, the ability to estimate position in the face of actual
disturbance forces, and the ability to estimate position in the
face of random measurement/modeling errors on the order of
30-90 nT rms (typical filter residual errors achieved in this
study).

B. DE-2 Spacecraft

The Dynamics Explorer-2 (DE-2) spacecraft was launched
to study the flow of solar energy and matter from space
through the Earth’s magnetic field into the upper atmosphere.
It was launched in August 1981 into an elliptical polar orbit.
During March 1982 its orbital characteristics were 90-deg incli-
nation, 0.038 eccentricity, 290-km perigee height, and 810-km
apogee height. ’

DE-2’s mission required that it have an accurate magne-
tometer. The spacecraft had a vector magnetometer. It had
biases on the order of 1 nT per axis. Spacecraft-generated
fields were less than 10 nT. The position of DE-2 has been
tracked from the ground to within 1 km. The tracking data
provide the truth model for evaluating the performance of the
MAGNALV filter.

The filtered DE-2 magnetometer data have been specially
chosen to fall during magnetically quiet times (when no solar
magnetic storms were occurring). Data are not continuously
available for the DE-2 spacecraft because it did not have a
100% duty cycle of telemetry recording. When data are avail-
able, they occur at 60-s intervals but are grouped in batches
that last anywhere from 15 min to 2 h. Intervals of data
unavailability last as long as 6 h during the two 2-day periods
for which the filter has been tested.

The DE-2 data represent an intermediate level of difficulty
for the navigation technique of this paper. The accurate field
measurements and low spacecraft-generated fields onboard
DE-2 improve the expected accuracy of the technique. On the
other hand, the reduced accuracy of the 1980 IGRF field
model, when propagated to 1982 using secular terms, would
tend to degrade the MAGNAYV technique’s accuracy. This test
case avoids the circular reasoning of the MAGSAT case;
therefore, it tests the orbit determination concept under typi-
cally expected uncertainties about the Earth’s magnetic field
model.

C. LACE Spacecraft

The Low-Power Atmospheric Compensation Experiment
(LACE) spacecraft was launched in February 1990 into an
inclined low-Earth orbit. Its orbital characteristics on June 3,
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1990, were 43-deg inclination, 0.0016 eccentricity, 524-km
perigee height, and 546-km apogee height.

The spacecraft had one vector fluxgate magnetometer. The
magnetometer’s purpose was to do backup attitude determina-
tion.!? Its accuracy was specified to be 500 nT per channel,
which included possible biases of 300 nT per channel. Ground
tests indicated that its actual accuracy, excluding biases, was
probably 120 nT or better. It was mounted inside the main
spacecraft module just behind a solar panel. Ground tests
indicated that the solar panel could produce a field of 156 nT
at the magnetometer. Ground testing for additional space-
craft-generated fields was not done.

Data from June 6, 1990, have been used to test the batch fil-
ter. It is available at 100-s intervals. The spacecraft ephem-
eris has been determined from tracking stations. It is supplied
in terms of the seven orbital elements described in Sec. II. B.
The position estimated by the filter has been compared with
this tracking-station-generated position. These elements give
position to an accuracy of 4 km at epoch. The along-track
accuracy deteriorates after epoch because of the large variabil-
ity of the drag. A timing bias uncertainty in the LACE magne-
tometer data set further degrades the accuracy of the along-
track truth model. For the case considered in this paper, the
along-track position derived from tracking data could have an
error as large as 80 km. Any such error would be roughly
constant during a day’s worth of filtering. The cross-track and
radial errors in the tracking data are no more than 4 km.

The LACE spacecraft represents a difficult case for magne-
tometer-based navigation in low-Earth orbit. First, sizable
systematic errors are caused by solar-array-generated time-
varying fields. Second, the IGRF 1985 field model has been
used with secular propagation of coefficients to 1990. Because
of this long secular propagation (extrapolation), the accuracy
of this field model is probably lower than the accuracies of the
field models used for the MAGSAT and DE-2 studies.

IV. Filter Performance Evaluation Methods

Several criteria have been used to evaluate filter perfor-
mance for accuracy and practicality. The accuracy has been
evaluated by comparing the estimated spacecraft position with
the position supplied by ground-station tracking. Total posi-
tion error, component errors (along-track error, cross-track
error, and altitude error), and rms error have all been com-
puted.

In addition to actual accuracy, predicted accuracy has also
been evaluated. Each of the two filters of Sec. II incorporates
a statistical model of measurement errors. The SRIF also has
a statistical model of disturbances. These statistical models
can be used to compute a modeled position error covariance.
In the case of the square root information filter (Sec. II. A),
the position-covariance is directly available as a submatrix of
the total filter covariance, R, 'R, 7. In the case of the batch
filter (Sec. II. B), the position covariance can be inferred from
the parameter vector’s covariance. This is done via a linear
analysis involving the derivative of the position with respect to
the seven orbit parameters. Although the parameters are
static, the position derivatives depend on time since epoch.
Therefore, - the position covariance varies with time since
epoch.

Computation of the modeled covariance reveals several fil-
ter characteristics. First, the modeled covariance demonstrates
observability. In the SRIF case, convergence of the position
covariance to small values implies observability. In the batch
filter case, a low overall position covariance shows batch
observability, which is another way of saying that the mini-
mum of the batch least-squares problem is sufficiently well
defined. Position covariances indicate the expected effects of
the modeled random processes on filter accuracy. Deviation of
the actual accuracy from the predicted accuracy would indi-
cate one of two things: mismodeled statistics of the random
processes or the presence of systematic errors.

The practicality of autonomous implementations of the fil-
ters depends on their computation time and RAM space re-
quirements. These will also be evaluated for the cases consid-
ered next.

V. MAGSAT Performance

Both filters, the SRIF and the batch filter, have been tested
with MAGSAT data. Both have filtered data that were taken
on or about February 2, 1980. The SRIF position/velocity
determination system could be used because MAGSAT’s mag-
netometer biases were negligible. Although not needed for this
good data set, the batch filter also was tried to test its func-
tioning and to compare its performance with the SRIF.

A. SRIF Results

The SRIF filter has been tried with a variety of initial errors
and two different sample intervals. Both raw magnitude data
and 5-s averaged magnitude data have been used. Figure 1
shows the total position error time history for one of these
cases. The sample interval is 25 s, the initial velocity error
magnitude is 1000 m/s, and the initial position vector error
magnitude is 1000 km. Averaged magnitude data have been
used. Figure 2 shows the corresponding along-track error, and
Fig. 3 shows the cross-track error. This performance is en-
couraging; the total position error decreases from 1000 km to
less then 8 km in less than one day. This convergence indicates
observability of the orbit from magnetometer measurements
alone. Most of the errors after 24 h are in the horizontal plane.
Figure 2 shows a slowly varying along-track error. The peri-
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Fig. 1 Total position error vs time for thé SRIF operating on MAG-
SAT data.
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Fig.2 Along-track position error vs time for the SRIF operating on
MAGSAT data.
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Fig. 3 Cross-track position error vs time for the SRIF operating on
MAGSAT data.
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Fig. 4 SRIF modeled position variances for MAGSAT case (dotted
fine: along track; dashed line: cross track; solid line: altitude).
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Fig. 5 Total position error and associated variance vs time for the
batch filter operating on MAGSAT data (solid line: actual error;
dashed line: filter’s modeled variance).

odic cross-track error of Fig. 3 implies some inaccuracy of the
filter’s determination of the orbital plane. The altitude error,
not shown, remains less than 1 km after 20 h of filtering.

The filter’s estimated position variances are plotted in Fig.
4. This corresponds to the same case as Figs. 1-3. The dotted
line is the along-track variance, the dashed line is the cross-
track variance, and the solid line is the altitude variance. These
variances all decrease from larger initial values, which implies
observability of the system. The variances after 24 h of filter-
ing are comparable to the actual errors. This indicates that the
filter’s statistical model is probably reasonable.

A number of other runs of the SRIF have been performed
on the same set of MAGSAT data. A two-iteration measure-
ment update has been tried in an attempt to reduce the effects
of measurement equation nonlinearities. This technique iter-
ates Eqgs. (14-16) twice. It reduces the total error to 4 km in
some cases. Different initial conditions sometimes produce
filter divergence or slowed convergence, but convergence as in
Figs. 1-3 seems to be guaranteed if the initial velocity error’s
magnitude is less than 300 m/s and if the initial position
error’s magnitude is less than 300 km. A long interval of data
unavailability (3 h) does not cause problems if the information
equation gets propagated via multiple 100-s steps of Egs.
(7-12) and if a two-iteration measurement update gets used.
Changes of the modeled noise and disturbance variances by a
factor of two do not significantly affect results. When the
normal single-iteration measurement update is used, a length-
ened sample interval (sample period = 100 s) sometimes pro-
duces much poorer accuracy, depending on the initial estima-
tion error.

The SRIF computations have been done on an 80286-based
microcomputer running at 6 MHz and using a math coproces-
sor. The filter requires 78 kilobytes of RAM. It takes 3.65 s of
execution time per measurement sample. This translates into
15% of a comparable flight computer’s time if a sample pe-
riod of 25 s is used.

B. Batch Filter Results

The batch filter has achieved accuracies comparable to that
of the SRIF. A case has been run that uses 24 h worth of data
sampled at 100-s intervals. Raw magnetometer data have been
used in this case (as opposed to 5-s averaged data).
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Fig. 6 Total position error vs time for the batch filter operating on
DE-2 data.
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Fig. 7 Three position error components vs time for the batch filter

operating on DE-2 data (dash-dot line: along track; sold line: cross

track; dashed line: altitude).

The total position error for this case is shown in Fig. 5, the
solid line. The covariance for this case has also been com-
puted. At any given time, the covariance matrix and the actual
error direction can be used to compute the variance along the
direction of the actual error. This variance is plotted as the
dashed line of Fig. 5. The actual error is less than 8 km, and
its rms value is 4 km. The predicted variance is somewhat
higher.

The three components of the position error have been com-
puted and compared with the filter’s predicted variances. Al-
though not shown on a figure, the along-track error is 3.4-km
rms, and the predicted along-track variance stays between 5
and 11 km; recall that the filter’s predicted variance is a
function of time. The cross-track error is a steady once-per-or-
bit oscillation with an rms value of 1.8 km, and the predicted
cross-track variance oscillates between 6.5 and 10 km. The
altitude error is a steady twice-per-orbit oscillation with an
rms value of 1.2 km, and the predicted altitude variance is
steady at 1 km. The actual errors and the modeled statistics
seem to be in rough agreement: in some cases the actual errors
are slightly smaller than those predicted by the filter, whereas
they are slightly larger than the predicted errors in other cases.
In any case, the achieved accuracy of less than 10-km peak
error is significant.

The batch filter computations also have been done on a 6-
MHz 80286-based microcomputer with a math coprocessor.
The filter requires 300 kilobytes of RAM to handle 1000 data
points using double precision arithmetic. The filter memory
requirement is dependent on the number of samples that it can
handle. For a case when an extremely poor first guess was used
(the guessed initial orbit parameters yielded a 3200-km rms
position error over one day), the execution time was 10.5 h (86
Gauss-Newton iterations) to solve for the orbit. This slow con-
vergence was caused in part by the algorithm’s limit on step
length. Even so, this would be only 44% of flight computer time,
and such drastic adjustments in the orbital estimate would
probably be needed only infrequently, perhaps only immedi-
ately after launch, if ever. Typical daily adjustments to the
orbit estimate might require eight iterations or fewer, using up
only 1 hour (4% of flight computer time). Execution times
reported here are for 853 samples. Execution time varies lin-
early with changes in the number of samples being processed.
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VI. DE-2 Performance

The batch filter has been further tested using data from the
DE-2 spacecraft. The SRIF was not tested on the DE-2 data
because it might have difficulties dealing with the frequent
long gaps in the DE-2 magnetometer data set.

One filter test case has used data spread over the time frame
of March 15-17, 1982. Figure 6 plots the total position error vs
time for this case. The x marks on the figure indicate the times
at which magnetometer data is available (the same holds true
for the x marks on Fig. 7). Figure 7 gives the three components
of the position error, along track (dash-dot curve, positive
when the estimated position is ahead of the actual position),
cross track (solid curve, positive when the estimated position is
right of the actual position), and altitude (dashed curve, posi-
tive when the estimated position is below the actual position).
The altitude curve is difficult to see because of overlap with
the cross-track curve. It oscillates between —2 and + 2 km.

Figure 7 indicates that the worst-case error component is the
along-track error, which hovers between 8 and 15 km. The
cross track oscillates at the orbital period with a constant
amplitude during the entire run, and the altitude error oscil-
lates at twice the orbital period with a constant amplitude. The
along-track error has a small oscillatory component combined
with a slow drift. This drift is due to inaccuracy in the estima-
tion of the mean motion and the decay coefficient. Modeled
variance calculations indicate that the actual cross-track accu-
racy is somewhat better than that predicted by the filter vari-
ance, whereas the actual along-track and altitude accuracies
are on the order of the filter’s predictions. The reason for the
higher cross-track accuracy is unknown. The peak total posi-
tion error for this case is 18 km (Fig. 6), which is a very
respectable number for this unusual navigation filter.

Another interesting feature of Fig. 7 is the occurrence of
oscillations in each error component. These are on the order
of 5-24 km peak to peak. The batch filter includes the secular
(long-term) effects of J,, but it neglects the once-per-orbit
short-term oscillatory effects, which can be on the order of 10
km (Ref. 9). This neglect of the short-term J, effects is one
possible explanation for the error oscillations. The SRIF does
not neglect these effects; therefore, it might not experience the
same problems.

The batch filter estimates biases also. The bias component
estimates for this case are —48.3, —7.3, and 35.3 nT. Their
respective modeled variances are 29.0, 22.4, and 192.6 nT.
The actual magnetometer biases for the DE-2 spacecraft are
advertised as being on the order of 1 nT. The differences be-
tween the estimated biases and zero are all 1.7 standard devia-
tions or less, which constitutes reasonable agreement with the
advertised upper limit on biases. Furthermore, the low values
of the filter’s modeled bias estimation variances indicate that
biases and orbit parameters are simultaneously observable.

An attempt has been made to improve performance of the
batch filter by filtering data that are spread out over 12 days.
This was done in hopes of getting improvements through the
use of a larger data set. This did not work well because along-
track error became large over such a long period. This hap-
pens because the batch filter’s ephemeris routine is not accu-
rate over long periods of time due to the ad hoc way in which
it incorporates drag effects.

VII. LACE Performance

The batch filter also has been tested with LACE data. Biases
on the LACE magnetometer could be significant (up to 300 nT
according to specifications). Development of a bias estimation
capability for the SRIF has not yet reached a stage of matu-
rity. This is why SRIF results for the LACE spacecraft are not
presented. Eighteen hours worth of data that were taken on or
about June 6, 1990, have been filtered. The sample period is
100 s.

The batch filter’s total error time history is plotted in Fig. 8
(solid curve). Also plotted is the filter’s predicted variance in
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Fig. 8 Total position error and associated variance vs time for the
batch filter operating on LACE data (solid line: actual error; dashed
line: filter’s modeled variance).

the direction of the total error vector (dashed curve). These
curves are similar in nature to the curves plotted for the batch
MAGSAT case in Fig. 5. The total position error is much
larger than for MAGSAT or DE-2: the rms error is 88 km. The
modeled variance is much lower than the actual error and is
closer to the values found for the MAGSAT and DE-2 batch
filter runs.

The large discrepancy between the true error statistics and
the modeled statistics suggests the possibility of a systematic
error. One possible source of observed error is not due to the
magnetic orbit determination scheme at all; it is the large un-
certainty in along-track truth model position noted in Sec. II1.
C. Better tracking data could reduce the along-track compo-
nent of the observed error, but the largest error component,
the across-track error, would remain (the rms altitude error is
less than 6 km).

Another possible source of systematic error is the existence
of slowly time-varying magnetic fields induced by the space-
craft at the magnetometer. Ground tests of the magnetometer
with a solar array that is located near it showed that fields as
large as 156 nT could be induced by the array. Tests for other
sources of spacecraft noise were not performed.

If solar arrays produce significant magnetic fields at the
magnetometer, they would probably produce fields that are
periodic at the orbital frequency. This is because the space-
craft is Earth oriented via passive gravity-gradient stabiliza-
tion. This periodic signal’s magnitude and vector direction
would vary slowly as the angle between the orbit normal and
the sun vector changed due to precession. During a single day,
however, the periodic term’s magnitude and phase probably
would be fairly constant.

Such periodic error terms are highly likely to degrade the
filter’s performance. An attempt has been made to estimate
periodic error terms by augmenting the batch filter’s estima-
tion vector p. Peak total navigation errors can be reduced
from 125 to 85 km by such a scheme, which lends credence to
the hypothesis that low-frequency solar-array-generated fields
are responsible for the poor LACE performance. The aug-
mented filter is impractical, however, because of poor observ-
ability of the augmented estimation vector.

Another source of systematic error could be the IGRF
model of the Earth’s magnetic field. The values used are 1985
values that have been propagated to 1990 using predicted sec-
ular terms. This is probably the main source of error for DE-2
cases where the overall errors are much smaller. The much
smaller magnitudes of the DE-2 errors suggest that field model
errors are not the principal cause of filter inaccuracy for the
LACE case.

VIII. Conclusions

Two orbit determination filters have been described and -
tested. Both filters can autonomously determine orbit solely
from magnetometer data. One is an extended square root in-
formation filter that estimates a position/velocity/distur-



214 PSIAKI, HUANG, AND FOX: AUTONOMOUS NAVIGATION

bance-force state vector. The other is a batch least-squares fil-
ter that estimates Keplerian elements, a decay term, and biases.

Ground-based testing has been performed to evaluate these
filters. Both filters have successfully converged from signifi-
cant position and velocity errors. The batch least-squares filter
has successfully estimated bias and orbit simultaneously. Us-
ing data from the Magnetic Field Satellite, both filters achieved
positional accuracies between 4 and 8 km by filtering one
day’s worth of data. Batch filtering of two days’ worth of data
from the Dynamics Explorer-2 spacecraft yielded positional
accuracies of 18 km or better. This decrease in accuracy for
Dynamics Explorer-2 is probably due to the inaccuracy of the
model used for the Earth’s magnetic field. Batch filtering of
the Low-Power Atmospheric Compensation Experiment space-
craft data yielded peak positional errors of 125 km. The very
poor performance on this spacecraft may be due to slowly
time-varying solar-array-induced fields.

The filters’ performance on the Magnetic Field Satellite is
probably a best-case scenario. Performance on the Low-Power
Atmospheric Compensation Experiment spacecraft may be a
worst-case scenario. Performance on the Dynamics Explorer-2
spacecraft may be typical of what can be achieved if an accu-
rate magnetometer is used and if time-varying spacecraft-gen-
erated magnetic fields are kept low or are known and removed
from the magnetometer signal.
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